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Abstract
This work is devoted to the study of critical blow-up phenomena for wide classes of
quasilinear parabolic equations and inequalities. The model example for this treatment is
well known and comes from the theory of turbulent diffusion:
ut  divx
[∣∣(|u|m−1u)
x
∣∣α−2(|u|m−1u)
x
]+ |u|q−1u, m 1, α > 1. (∗)
We obtain the existence of critical blow-up exponents for nonnegative weak solutions of
inequalities of the type (∗) that belong only locally to the corresponding Sobolev spaces
in the half-space R1+ × Rn, n 1. We impose no conditions on the behavior of solutions
on the hyperplane t = 0 so that the results obtained in the paper are of Liouville type.
The approach developed herein is directly applicable to the study of analogous problems
for systems of quasilinear elliptic and parabolic equations and inequalities, and its elliptic
analogue has recently been developed by the authors.  2002 Elsevier Science (USA). All
rights reserved.
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1. Introduction—preliminaries
This work is devoted to the study of critical blow-up phenomena for the
inequality
ut A(u)+ |u|q−1u (1)
in the half-space S≡R1+×Rn, n 1. This problem is considered for wide classes
of quasilinear partial differential operators A(u) in divergent form. Well-known
examples of such operators are
A(u)= divx
[∣∣(|u|m−1u)
x
∣∣α−2(|u|m−1u)
x
]
, m 1, α > 1, (2)
A(u)= divx
[(|u|m−1u)
x
]
, m 1, (3)
A(u)= divx
[|ux |α−2ux], α > 1. (4)
Note that the inequality (1) and the corresponding equation with operators as
in (2)–(4) are directly applicable to many physical, mechanical, and chemical
processes and phenomena (see, e.g., [1,2]).
We obtain the existence of critical blow-up exponents for nonnegative weak
solutions of the inequality (1) that belong only locally to the corresponding
Sobolev spaces in the half-space S. Especially, we stress the fact that we impose
no conditions on the behavior of solutions on the hyperplane t = 0 so that the
results obtained in the paper are of Liouville type. For a survey of the literature
on critical exponents on blow-up phenomena we refer to [1–5].
Note that the approach developed in the paper is directly applicable to the study
of analogous problems for systems of quasilinear elliptic and parabolic differen-
tial equations and inequalities, and that its elliptic analogue was developed, in
particular, in [6–10] and later in [11–15]. A similar approach for parabolic coer-
cive problems was developed in [8,16–18] (see also Remarks 1–3).
In the present paper we restrict ourselves to the study of the inequality (1),
although all the results formulated below are valid with function f (t, x,u,∇u) in
place of |u|q−1u satisfying suitable growth and regularity conditions, and being,
for example, such that
uf (t, x,u,ψ) c|u|q+1
for a fixed number c > 0, almost all (t, x) ∈ S, all u ∈ R1, and all ψ ∈ Rn+1.
Actually, the present method allows us to consider certain nonnegative functions
c(t, x) in place of the constant c.
Let A(u) be a differential operator determined formally by
A(u)=
n∑
i=1
d
dxi
Ai(t, x,u,∇xu). (5)
Assume that the functions Ai (t, x, η, ξ), i = 1, . . . , n, satisfy the usual Carathéo-
dory conditions in S×R1 ×Rn. Namely, they are continuous in η, ξ at almost all
(t, x) ∈ S and measurable in t , x at all η ∈R1 and all ξ ∈Rn.
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Definition 1. Let m 1 and α  1 be given constants. An operator A(u), deter-
mined by (5), belongs to the class B(m,α) if there exists a positive constant K
such that the conditions
0
n∑
i=1
ξiAi(t, x, η, ξ) (6)
and ∣∣∣∣∣
n∑
i=1
ψiAi(t, x, η, ξ)
∣∣∣∣∣
α
K|ψ|α
(
|η|m−1
n∑
i=1
ξiAi(t, x, η, ξ)
)α−1
(7)
hold at almost all (t, x) ∈ S, all η ∈R1, and all ξ,ψ ∈Rn.
It is easy to see that the condition (7) is fulfilled, if the condition(
n∑
i=1
A2i (t, x, η, ξ)
)α/2
K
(
|η|m−1
n∑
i=1
ξiAi(t, x, η, ξ)
)α−1
(8)
holds, since the inequality∣∣∣∣∣
n∑
i=1
ψiAi(t, x, η, ξ)
∣∣∣∣∣
α
 |A|α|ψ|α
is obviously valid at almost all (t, x) ∈ S and all ξ,ψ ∈Rn.
Note that the restrictions on the behavior of the coefficients of the partial dif-
ferential operator A(u) in the forms (7), (8) was introduced in [16], see also [18]
and, first, for m= 1, in [19].
It is not difficult to verify that the differential operators (2)–(4) belong to
the classes B(m,α), B(m,2), and B(1, α) for the same m and α as in (2)–(4),
respectively. Moreover, the differential operators defined formally by the for-
mula (5) and satisfying the well-known coercivity-type conditions(
n∑
i=1
A2i (t, x, η, ξ)
)1/2
K1
(|η|m−1|ξ |)α−1 (9)
and
K2|ξ |α|η|(m−1)(α−1)
n∑
i=1
ξiAi(t, x, η, ξ), (10)
with some fixed positive constants K1 and K2, belong to B(m,α).
In connection with this fact, we give another example of an operator which
belongs to the class B(m,α) for fixed m  1 and α > 1 and satisfies the condi-
tion (10) for no m  1 and α > 1. To this end, let a(t, x, η, ξ) be a sufficiently
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smooth nonnegative uniformly bounded function defined in S × R1 × Rn. It is
easy to verify that the differential operatorA(u) defined formally by
A(u)= divx
[
a(t, x,u,∇xu)
∣∣(|u|m−1u)
x
∣∣α−2(|u|m−1u)
x
]
belongs to B(m,α) for any fixed m 1 and α > 1.
We would also like to note that the well-known mean curvature operator
M(u)= divx
[
ux√
1+ |ux |2
]
belongs to the classes B(1, α) for any 1 α  2 but does not satisfy (10) for any
m 1 and α  1 (see, e.g., [8,12]).
2. The main result
Below we consider the inequality (1) with operator A(u) which belongs to
B(m,α) for fixed m 1 and α  1 such that m(α − 1) 1.
Definition 2. Let the operator A(u) belong to the class B(m,α) with m 1 and
α > 1. By a solution of the inequality (1) in S we understand a function u(t, x)
belonging to the space Lq,loc(S), with ut ∈ L1,loc(S) and |u|(m−1)(α−1)|∇xu|α ∈
L1,loc(S), and satisfying the integral inequality
∫
S
[
utϕ +
n∑
i=1
ϕxiAi(t, x,u,∇xu)− |u|q−1uϕ
]
dt dx  0 (11)
for any nonnegative function ϕ ∈ ◦C∞(S).
Theorem 1. Let m  1, α > 1 be such that m(α − 1)  1, and let the operator
A(u) belong to the class B(m,α). Let m(α − 1) < q m(α − 1)+ α/n, and let
u(t, x) be a nonnegative solution of the inequality (1) in S. Then u= 0 in S.
Remark 1. The results of Theorem 1 are also new in the case of operators A(u)
as in (2)–(4) for all m 1 and α > 1.
We formulate only one of many possible corollaries.
Theorem 2. Let m  1, α > 1 be such that m(α − 1)  1 and m(α − 1) < q 
m(α− 1)+ α/n, and let u(t, x) be a nonnegative solution of the inequality
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ut  divx
[∣∣(|u|m−1u)
x
∣∣α−2(|u|m−1u)
x
]+ |u|q−1u (12)
in S. Then u= 0 in S.
Remark 2. Let m 1, α > 1 be such that m(α−1) 1. For q >m(α−1)+α/n,
existence results on nontrivial nonnegative global solutions for the equation
ut = divx
[∣∣(|u|m−1u)
x
∣∣α−2(|u|m−1u)
x
]+ |u|q−1u (13)
in the half-space S can be found, e.g., in [2,4,5]. Also, one can find there results
analogous to those of Theorem 2 valid for 1 < q m(α − 1)+ α/n under much
stronger assumptions on the solutions and obtained by quite different methods. In
particular, it is well known that q = 1+ 2/n (m= 1, α = 2) is the critical Fujita
blow-up exponent for nonnegative global solutions of the equation
ut =∆u+ |u|q−1u (14)
in the half-space S [20,21]. If q > 1+2/n, then there exist nontrivial nonnegative
global solutions of (14) in S [20].
Remark 3. Similar results to those of Theorems 1 and 2 for m(α − 1) < q <
m(α − 1)+ α/n (i.e., in the case of subcritical Fujita exponents) were obtained
in [22], where the authors suggested a method the elliptic version of which was
developed in [6–10]; also, an analogous approach to coercive parabolic problems
was developed in [8,16–18].
Proof of Theorem 1. Let m  1, α > 1 be such that m(α − 1) 1, and let the
operator A(u) belong to the class B(m,α). Let m(α− 1) < q m(α− 1)+ α/n,
and let u(t, x) be a nonnegative solution of the inequality (1) in S. Then it follows
from (11) that for every nonnegative function ϕ ∈ ◦C∞(S) we have∫
S
[
utϕ +
n∑
i=1
ϕxiAi(t, x,u,∇xu)
]
dt dx 
∫
S
uqϕ dt dx. (15)
Let 0 < τ < ∞, 0 < r < R < ∞, γ = α(q − 1)/(q − m(α − 1)), and
P(R) = {(t, x) ∈ S: t + |x|γ < R}. Let η : (0,∞) → [0,1] be a sufficiently
smooth function which has the nonnegative derivative η′ and equals 0 in the
interval (0, τ ). Let
ζ(t, x)=
{1, if t + |x|γ < r ,
R−t−|x|γ
R−r , if r  t + |x|γ R,
0, if t + |x|γ > R,
for (t, x) ∈ S. Without loss of generality, we substitute ϕ(t, x) = (u(t, x) +
ε)−νζ s(t, x)η2(t) as a test function in the inequality (15), where ε > 0, s > 1,
and 1 > ν > 0 will be chosen below. Integrating by parts we obtain
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− s
1− ν
∫
P(R)
(u+ ε)1−νζt ζ s−1η2 dt dx
− 2
1− ν
∫
P(R)
(u+ ε)1−νζ sη′η dt dx
− ν
∫
P(R)
n∑
i=1
uxiAi(t, x,u,∇xu)(u+ ε)−ν−1ζ sη2 dt dx
+ s
∫
P(R)
n∑
i=1
ζxiAi(t, x,u,∇xu)(u+ ε)−νζ s−1η2 dt dx
≡ I1 + I2 + I3 + I4 
∫
P(R)
uq(u+ ε)−νζ sη2 dt dx. (16)
Since η′  0 for all t > 0, I2 is nonpositive. We estimate I4 in terms of I3,
noting that I3 is nonpositive. Using (7) we obtain that
|I4| =
∣∣∣∣∣s
∫
P(R)
n∑
i=1
ζxiAi(t, x,u,∇xu)(u+ ε)−νζ s−1η2 dt dx
∣∣∣∣∣

∫
P(R)
sK1/α|∇xζ |
(
um−1
n∑
i=1
uxiAi(t, x,u,∇xu)
)(α−1)/α
× (u+ ε)−νζ s−1η2 dt dx. (17)
We estimate, further, the second integrand in (17) by using Young’s inequality
AB  ρAβ/(β−1)+ ρ1−βBβ (18)
with ρ = ν/2, β = α,
A=
(
n∑
i=1
uxiAi(t, x,u,∇xu)
)(α−1)/α
× (u+ ε)(1+ν)(1−α)/αζ s(α−1)/αη2(α−1)/α,
and
B = sK1/α|∇xζ |(u+ ε)(α−1−ν)/αu(m−1)(α−1)/αζ s/α−1η2/α.
We arrive at
|I4| ν2
∫
P(R)
n∑
i=1
uxiAi(t, x,u,∇xu)(u+ ε)−ν−1ζ sη2 dt dx
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+
∫
P(R)
sα(ν/2)1−αK(u+ ε)α−1−νu(m−1)(α−1)
× |∇xζ |αζ s−αη2 dt dx. (19)
It follows from (16) and (19) that∫
P(R)
s
1− ν (u+ ε)
1−ν |ζt |ζ s−1η2 dt dx
+
∫
P(R)
sα(ν/2)1−αK(u+ ε)m(α−1)−ν|∇xζ |αζ s−αη2 dt dx

∫
P(R)
uq(u+ ε)−νζ sη2 dt dx
+ ν
2
∫
P(R)
n∑
i=1
uxiAi(t, x,u,∇xu)(u+ ε)−ν−1ζ sη2 dt dx. (20)
Estimating now both integrands on the left-hand side of (20) by Young’s
inequality (18) with ρ = 1/2, β = (q − ν)/(q − 1),
A= (u+ ε)1−νζ s(1−ν)/(q−ν)η2(1−ν)/(q−ν),
B = s
1− ν |ζt |ζ
s(q−1)/(q−ν)−1η2(q−1)/(q−ν),
and ρ = 1/2, β = (q − ν)/(q −m(α − 1)),
A= (u+ ε)m(α−1)−νζ s(m(α−1)−ν)/(q−ν)η2(m(α−1)−ν)/(q−ν),
B = sα
(
ν
2
)1−α
K|∇xζ |αζ s(q−m(α−1))/(q−ν)−αη2(q−m(α−1))/(q−ν),
respectively, we obtain
1
2
∫
P(R)
(u+ ε)q−νζ sη2 dt dx
+ c1
∫
P(R)
|ζt |(q−ν)/(q−1)ζ s−(q−ν)/(q−1)η2 dt dx
+ 1
2
∫
P(R)
(u+ ε)q−νζ sη2 dt dx
+ c2
∫
P(R)
|∇xζ |α(q−ν)/(q−m(α−1))ζ s−α(q−ν)/(q−m(α−1))η2 dt dx
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
∫
P(R)
uq(u+ ε)−νζ sη2 dt dx
+ ν
2
∫
P(R)
n∑
i=1
uxiAi(t, x,u,∇xu)(u+ ε)−ν−1ζ sη2 dt dx. (21)
Here, and in the following, the constants ci depend only on m, n, q , s, α, ν, K but
not on ε, τ , r , or R.
We now estimate the integral∫
P(R)
uqζ sη2 dt dx
using the inequality (21). To this end, without loss of generality, we substitute
ϕ(t, x)= ζ s(t, x)η2(t) in the inequality (11). After integration by parts, we have
−s
∫
P(R)
uζt ζ
s−1η2 dt dx − 2
∫
P(R)
uζ sη′η dt dx
+ s
∫
P(R)
n∑
i=1
ζxiAi(t, x,u,∇xu)ζ s−1η2 dt dx

∫
P(R)
uqζ sη2 dt dx. (22)
As before, since η′  0 for all t > 0, the second integral on the left-hand side
of (22) is nonpositive and, therefore, we have
s
∫
P(R)
u|ζt |ζ s−1η2 dt dx + s
∫
P(R)
n∑
i=1
ζxiAi(t, x,u,∇xu)ζ s−1η2 dt dx

∫
P(R)
uqζ sη2 dt dx. (23)
Estimating, further, the first integral on the left-hand side of (23) by Hölder’s
inequality, we obtain that
s
( ∫
P(R)\P(r)
uqζ sη2 dt dx
)1/q
×
( ∫
P(R)
|ζt |q/(q−1)ζ s−q/(q−1)η2 dt dx
)(q−1)/q
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+ s
∫
P(R)
n∑
i=1
ζxiAi(t, x,u,∇xu)ζ s−1η2 dt dx

∫
P(R)
uqζ sη2 dt dx. (24)
Since by condition (7)∫
P(R)
n∑
i=1
ζxiAi(t, x,u,∇xu)ζ s−1η2 dt dx
K1/α
∫
P(R)
|∇xζ |
(
um−1
n∑
i=1
uxiAi(t, x,u,∇xu)
)(α−1)/α
× ζ s−1η2 dt dx, (25)
then, using Hölder’s inequality, it is easy to see that the inequality∫
P(R)
n∑
i=1
ζxiAi(t, x,u,∇xu)ζ s−1η2 dt dx
K1/α
( ∫
P(R)
(u+ ε)(m+ν)(α−1)|∇xζ |αζ s−αη2 dt dx
)1/α
×
( ∫
P(R)
n∑
i=1
uxiAi(t, x,u,∇xu)(u+ ε)−ν−1ζ sη2 dt dx
)(α−1)/α
(26)
is valid for every ε > 0 and every sufficiently small ν ∈ (0,1) such that q >
(m+ ν)(α − 1). Further, for any d > 1 we have∫
P(R)
(u+ ε)(m+ν)(α−1)|∇xζ |αζ s−αη2 dt dx

( ∫
P(R)\P(r)
(u+ ε)d(m+ν)(α−1)ζ sη2 dt dx
)1/d
×
( ∫
P(R)
|∇xζ |αd/(d−1)ζ s−αd/(d−1)η2 dt dx
)(d−1)/d
. (27)
We may now choose, for a sufficiently small ν from the interval (0,1), the pa-
rameter d such that d(m+ν)(α−1)= q . Thus, it follows that the inequalities (26)
and (27) imply that
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∫
P(R)
n∑
i=1
ζxiAi(t, x,u,∇xu)ζ s−1η2 dt dx
K1/α
( ∫
P(R)\P(r)
(u+ ε)qζ sη2 dt dx
)1/αd
×
( ∫
P(R)
|∇xζ |αd/(d−1)ζ s−αd/(d−1)η2 dt dx
)(d−1)/αd
×
( ∫
P(R)
n∑
i=1
uxiAi(t, x,u,∇xu)(u+ ε)−ν−1ζ sη2 dt dx
)(α−1)/α
.
(28)
Estimating the last term on the right-hand side of the inequality (28) by (21),
we have∫
P(R)
n∑
i=1
ζxiAi(t, x,u,∇xu)ζ s−1η2 dt dx
K1/α
( ∫
P(R)\P(r)
(u+ ε)qζ sη2 dt dx
)1/αd
×
( ∫
P(R)
|∇xζ |αd/(d−1)ζ s−αd/(d−1)η2 dt dx
)(d−1)/αd
×
(
2
ν
∫
P(R)
(u+ ε)q−νζ sη2 dt dx − 2
ν
∫
P(R)
uq(u+ ε)−νζ sη2 dt dx
+ c3
∫
P(R)
|ζt |(q−ν)/(q−1)ζ s−(q−ν)/(q−1)η2 dt dx
+ c3
∫
P(R)
|∇xζ |α(q−ν)/(q−m(α−1))
× ζ s−α(q−ν)/(q−m(α−1))η2 dt dx
)(α−1)/α
. (29)
Passing to the limit as ε→ 0, by Lebesgue’s theorem, we obtain from (29), for
sufficiently large s, that
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∫
P(R)
n∑
i=1
ζxiAi(t, x,u,∇xu)ζ s−1η2 dt dx
 c4
( ∫
P(R)\P(r)
uqζ sη2 dt dx
)1/αd( ∫
P(R)
|∇xζ |αd/(d−1) dt dx
)(d−1)/αd
×
( ∫
P(R)
|ζt |(q−ν)/(q−1) dt dx
+
∫
P(R)
|∇xζ |α(q−ν)/(q−m(α−1)) dt dx
)(α−1)/α
. (30)
Further, it follows for sufficiently large s from (24) and (30) that∫
P(R)
uqζ sη2 dt dx
 c5
( ∫
P(R)\P(r)
uqζ sη2 dt dx
)1/q( ∫
P(R)
|ζt |q/(q−1) dt dx
)(q−1)/q
+ c5
( ∫
P(R)\P(r)
uqζ sη2 dt dx
)1/αd
×
( ∫
P(R)
|∇xζ |αd/(d−1) dt dx
)(d−1)/αd
×
( ∫
P(R)
|ζt |(q−ν)/(q−1) dt dx
+
∫
P(R)
|∇xζ |α(q−ν)/(q−m(α−1)) dt dx
)(α−1)/α
. (31)
Since
α(q − ν)
q −m(α − 1) = γ
q − ν
q − 1
and for any arbitrary r > 0, R = 2r , and (t, x) ∈ S we have that
|ζt | c6
R
, |∇xζ |γ  c6
R
, and volume of P(R) c6R(n+γ )/γ ,
then the inequality (31) yields
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∫
P(R)
uqζ sη2 dt dx
 c7
(
R(n+γ )/γ−q/(q−1)
)(q−1)/q( ∫
P(R)\P(r)
uqζ sη2 dt dx
)1/q
+ c7
(
R(n+γ )/γ−αd/γ (d−1)
)(d−1)/αd(
R(n+γ )/γ−(q−ν)/(q−1)
)(α−1)/α
×
( ∫
P(R)\P(r)
uqζ sη2 dt dx
)1/αd
. (32)
Further, since d(m+ ν)(α − 1)= q , (32) implies, after a simple calculation,
for sufficiently small ν ∈ (0,1) and sufficiently large s, that
∫
P(R)
uqζ sη2 dt dx
 c7R[n/αq][q−m(α−1)−α/n]
( ∫
P(R)\P(r)
uqζ sη2 dt dx
)1/q
+ c7R[n(αq−m(α−1)−ν(α−1))/α2q(q−1)][q−m(α−1)−α/n]
×
( ∫
P(R)\P(r)
uqζ sη2 dt dx
)1/αd
. (33)
Since for any ν ∈ (0,1) the quantities
n
αq
and
n(αq −m(α − 1)− ν(α − 1))
α2q(q − 1)
are obviously positive, it follows easily from (33) that if
m(α − 1) < q <m(α − 1)+ α
n
then
∫
S
uqη2 dt dx = 0. Also, if q = m(α − 1) + α/n then ∫
S
uqη2 dt dx is
bounded. Therefore, due to monotonicity, we have that∫
P(2rk)\P(rk)
uqη2 dt dx→ 0 (34)
for any sequence rk →∞. On the other hand, it follows from (33) that
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∫
P(r)
uqη2 dt dx
 c7R[n/αq][q−m(α−1)−α/n]
( ∫
P(R)\P(r)
uqη2 dt dx
)1/q
+ c7R[n(αq−m(α−1)−ν(α−1))/α2q(q−1)][q−m(α−1)−α/n]
×
( ∫
P(R)\P(r)
uqη2 dt dx
)1/αd
. (35)
Thus, (34) and (35) imply directly, for q =m(α− 1)+ α/n, that∫
P(rk)
uqη2 dt dx→ 0
as rk →∞. The latter implies again that
∫
S
uqη2 dt dx = 0. Using the fact that
the function η(t) is arbitrary, we obtain that u(t, x)= 0 a.e. in S.
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